ABSTRACT
Introduction
In this paper we establish a connection between open string theory and the Caldeira-Leggett model of dissipative quantum mechanics, evaluated at a delocalization critical point. This reduces the problem of finding non-trivial open string ground states (magnetic monopoles, for instance) to the problem of finding gauge potentials in which the long time quantum motion of a non-relativistic charged particle subject to dissipation manifests scaling behavior. Since very little seems to be known about the latter problem, this mapping unfortunately does not solve any string theory problems directly. It does however provide new insights into the structure of both the open string ground state problem and dissipative quantum ~-mechanics and suggests new lines of attack which may eventually prove fruitful. -At the very least it is amusing and chastening to discover that a significant string theory problem is identical to a problem studied in conventional condensed matter --_-physics.
In order to keep the exposition compact we will assume that the reader is aquainted with both the essentials.of the Caldeira-Leggett approach to dissipative quantum mechanics [1, 2, 3, 4] and the boundary state approach to the physics of open strings [5, 6, 7, 8] . We reproduce the essential formulae in Sections 2 and 3 and the reader who is familiar with either of the two subjects should have no difficulty in following our arguments. In Section 4 we discuss reparametrization symmetry which plays an important role in the analysis of these theories. In Section 5 we illustrate our ideas by considering some simple dissipative quantum systems that are relevant to string theory applications. Section 6 contains discussion and suggestions for further work.
be coupled linearly to the coordinate Xp with coupling strengths C,. These simple -C .-assumptions are justified when any single degree of freedom of the environment is only weakly perturbed by the system. The bath of oscillators then describes the -.
excitations around the equilibrium configuration of the environment. This is often the case and these models are applicable to a variety of dissipative problems (in particular weak coupling to each mode in the environment does not imply weak dissipation in the system) [ 11. If the distribution of oscillator parameters satisfies the functional condition c g qw-wa) = 7 cr (Y (2.2) it turns out that, when the oscillator coordinates are "integrated out" of the classi---.
Cal-equations of motion for X p, they supply the canonical -qXp friction term. By scaling the oscillator coupling strengths, the friction constant 7 can be adjusted to any desired value. One can study more general dissipative systems than the linear friction considered here (for example a term proportional to X2 could be _ _ --included) by generalizing the spectral density (2.2) of the oscillator bath. We will see, however, that it is the case of linear dissipation which is relevant in the context of open string theory.
: --
The quantum mechanics of this coupled system is described by a Euclidean path integral over the X" and the oscillator coordinates qO. Since the dependence of the action on the qcu is only quadratic, they can be explicitly integrated out of the quantum mechanical path integral just as they could be eliminated from the classical equations of motion. The result is a new path integral over the Xp alone, in which the net quantum mechanical effect of friction is contained in a non-local term whose strength is set by the classical friction constant 7: .
-.
--oo
The q-term is non-local and consequently it is difficult to extract from the path integral the interesting qualitative physics, such as the long time behavior of Green's functions. We will come back to this in Section 5. For the moment we note that if the original path integral is taken over paths periodic in t with period ,B, as one does to compute the thermal partition function, the only effect is to change SV to P fx
The first equality is a direct transcription of the periodicity condition and the second follows from a well known summation formula.
Boundary State Formalism for Open Strings
Somewhat surprisingly, the same path integral allows one to study non-trivial ground states of the open string. The connection comes through the operator approach to calculating the Polyakov path integral on worldsheets with complicated topology. In this approach, states in the closed string Hilbert space are associated with basic worldsheet topological fixtures (boundaries and handles) and, just as a complicated worldsheet is constructed by gluing together such fixtures, the corresponding path integral is obtained by taking inner products of the states associated with the fixtures.
The simplest topological fixture on a worldsheet is a single connected boundary.
It can only appear in a theory with open strings. In this Section we review howthe associated boundary state is constructed. A detailed treatment can be found -c in [7] and [S] so we will be brief.
empty spacetime, where the boundary on the worldsheet fields:
It is easy to obtain the boundary state, ]B), for strings propagating in flat just imposes the usual Neumann condition (We have chosen cylindrical coordinates on the worldsheet near the boundary, which is placed at T = 0.) . In [7] it is shown how the boundary state in an arbitrary spacetime gauge field is formally given in terms of a path integral for a certain one-dimensional field theory. We know from study of the string problem that the perturbative expansion parameter for this path integral is CY'. This means that we cannot expand around the zero dissipation, pure quantum mechanics limit. The mass in the standard quantum mechanical kinetic term is interpreted as a cutoff scale in the string path integral (Al has worldsheet dimensions of length, so the cutoffis removed as A4 + 0). The temperature in the dissipative quantum mechanics -e -.
corresponds to the parameter length of the boundary in the string case.
--
To discuss string physics, we must scale the cutoff parameter A4 to zero and carry out a renormalization program to deal with the divergences which arise.
Equivalently, we can say that the string physics is contained in the infrared behavior of the theory with a fixed cutoff scale. If we take the renormalization group approach, we will find that the effective interactions, i.e. the vector potential A, (marginal) and scalar potential V (relevant), will in general "flow" as we integrate out larger and larger distance scales relative to the cutoff. To have a sensible interpretation as spacetime fields corresponding to a definite solution of the open string field equation, they should in fact not flow, which is to say that they should -.-sit at a renormalization group fixed point. This is the stringy origin of equations of motion for spacetime fields.
A more precise characterization of the fixed point theory can be extracted from some technical string theory considerations: Revert to the particle physics point of view and carry out renormalization by scaling the short distance cutoff to zero, adding counterterm interactions as needed to keep finite scale physics fixed.
Let IB,A) be th e resulting boundary state. Its construction depends implicitly on a choice of parametrization for the boundary, but in order for IB, A) to be an acceptable state to insert into the closed string worldsheet, it must be independent of parametrization choice. Technically, this is expressed by requiring that IB, A) be annihilated by the combinations of left-and right-moving Virasoro generators that generate reparametrizations of the boundary:
Since the boundary state is a functional of the oscillator creation operators c&
and since the L, (i,) can be represented as differential operators actingon these variables, (4.1) amounts to a set of reparametrization Ward identities ", on the boundary state path integral and its renormalization scheme. Detailed examination shows that they include the condition that the vector potential sit at -.
its renormalization group fixed point [8] . N ormally, a renormalization group fixed point is associated with global scale invariance (critical point scaling behavior).
The point we want to make is that in this one-dimensional problem, scaling is promoted to a higher symmetry, essentially local reparametrization invariance.
This is analogous to the appearance of conformal invariance at critical points of two-dimensional theories.
There is a subtlety, however. Despite the fact that the boundary state is annihilated by all the worldsheet generators of boundary reparametrizations, it turns out that the one-particle-irreducible Green's functions of the critical onedimensional theory are strictly invariant only under the finite dimensional subgrb~p SL(2,R). In fact th is is a good thing: strict reparametrization invariance would require the Green's functions to be trivial [lo] . This is analogous to the sit- The non-local kinetic, or dissipation, term is another matter. We can readily
show that it is invariant only under a finite dimensional subgroup of the reparametrization group. Consider first the non-local term evaluated on the infinite line (the zero temperature case for the dissipative quantum mechanics application): -.
Under a reparametrization t"=f(t) the fields transform as ji'(t")=X(t). The action in terms of the transformed fields 'is easy to obtain co ca
The condition for form invariance under reparametrization is thus {v-l,~O,R} = {-$t-gt2g,.
(4.7)
The invariance of Sno(; under 27-r and Do (translations and global resealing) is fairly obvious, while the invariance under 271 is non-trivial. The effect of the non-local kinetic term is therefore to reduce the explicit invariance of the n-point functions of the critical one-dimensional theory from full reparametrization invariance to
SL(2,R).
A s ex pl ained in [8] , this is perfectly consistent with the boundary state being invariant under the FUZZ set of boundary reparametrization generators.
The consequences of SL(2, R) invariance are easy enough to state for two-, ad-bc= 1.
The question of which dimensions, d, are allowed is a dynamical one and the answer depends on the particular theory. It is then rather easy to show that SL(2,R) invariance has the following consequences for the first few n-point functions:
(t1-t,)2d ' c'123
where d = Ci di and F( ) z is an arbitrary function. Note that if one were to imposeinvariance under the full reparametrization group the only possible solution would -* be that all these Green's functions vanish identically.
For reference, we show how this works for the case where the action is defined on a circle (appropriate for finite temperature dissipative quantum mechanics or string theory applications).
On a periodic interval of length 27r, the non-linear term in the action is : --They map the unit circle into itself and if we set .z=eie and z"=eie, (4.12) defines a reparametrization of the circle, e"=f(e). So, for th e one-dimensional theory defined on the circle, the manifest symmetry of the Green's functions of the critical theory will be SU(1, 1) restricted to the unit circle, which is a three-parameter subgroup of the full reparametrization group.
The points we are trying to make can be summarized as follows: A cutoff one-dimensional field theory underlies both the string theory boundary state and dissipative quantum mechanics. In the string theory application it is necessary to remove the cutoff, or to take the infrared limit, and adjust the couplings so that All that has been achieved is an exact treatment of the gauge field strength case --_-plus the evaluation of a few orders in a perturbative expansion in cy'. Larger questions of, say, the existence and properties of soliton sectors remain untouched.
In this section we will collect a few results from the condensed matter literature, put them into the more general context we have been discussing and try to draw some conclusions for string applications.
The condensed matter literature defines a useful quantitative measure of localization called mobility. Consider our one-dimensional theory defined on the open line and define
where S(w) is the frequency-space propagator and the trace is over coordinatespace indices. If the long-time behavior of this quantity is bounded by a constant, the particle is localized; if it grows without limit, the particle is delocalized. In the condensed matter literature, logarithmic growth, obviously a transition between the two extremes, is regarded as the sign of critical behavior and the numerical value of the critical mobility is defined as the coefficient of the logarithm.
(Since --the conditions for a fixed point include Ward identities for all n-point functions, we c should perhaps bear in mind that things could be more complicated.) It is instructive to compute the mobility in a constant homogeneous abelian electromagnetic -.
field, an exactly soluble example of considerable importance in string theory.
In a convenient gauge, the interaction term for this theory has the simple form SA = J dt ;FpvXpT?' .
(5-2)
The other terms in the action are also simple quadratics and can easily be Fourier transformed to yield the frequency-space inverse propagator: s;;(w) = (Mw2++I)&u -w&u .
-!hx first term comes from the standard kinetic term (regulator), the second from The interpretation of these results is simple. For q=F=O, we recover the -_-standard quantum mechanics of a free massive particle whose coordinate undergoes Brownian motion (K(t) + t). This is delocalized behavior. For q=O but Fpy#O we are dealing with the standard quantum mechanics of a particle in a constant magnetic field. We of course expect the particle to be stuck in a particular Landau orbit and to manifest localized behavior. In fact, we find K(t) -+ cord., with the value of the constant essentially given by the size of a Landau orbit. In the generic case , K(t) grows logarithmically with a coefficient (the mobility) which depends on the non-zero values of 7 and Fpv. Roughly speaking, the coupling to the bath of oscillators (dissipation) causes the particle to wander slowly among the Landau orbits. In addition, we know from other string theory work [7] , that the boundary state built on a constant Abelian gauge field strength satisfies all the reparametrization invariance Ward identities. This guarantees that the underlying one-dimensional field theory is at a critical point and verifies that logarithmic growth of K(t) is characteristic of the transition between localized and delocalized behavior.
It is easy to see that operator n-point functions of the theory satisfy the requirements of SL(2, R) invariance, albeit in a rather trivial way. Since the action is quadratic, only the connected two-point function is non-zero. As usual, Since the potential is not quadratic, the problem is not exactly soluble and approximations must be made. Several authors [2, 3, 4] have studied this problem, all concluding that there is indeed a localization transition. We will briefly summarize the renormalization group argument of Fisher and Zwerger [4] and try to show how it fits into the more general context we have been developing.
To be precise, we wish to study the problem defined by the Euclidean action SO + Sr with In this approximation, and probably in an exact treatment [3] , y does not flow [4] . If y<l, VP scales to zero in the infrared limit, the neglect of higher powers of V is justified and the physics at long time scales is surely delocalized. On the other hand if y>l, VP grows in the infrared limit, the neglect of higher powers of V is not justified and some totally different infrared fixed point, which we are not in a position to describe, but which probably corresponds to localized behavior, will be reached. The value y=l would appear to be a critical point (indeed, in this approximation, a critical line, since V can take any value) for delocalization. This is in some respects a familiar story: potentials with a short enough spacetime period (y<l) are irrelevant (scaling dimension < 1) while potentials with long enough period (r>l) are relevant and potentials with a critical period (y=l) are marginal.
According to what we have said earlier, the Green's functions of the critical -e theory should possess explicit SL(2, R) invariance. More precisely, they should satisfy an infinite set of Ward identities which guarantee that the string boundary -.
state built on this theory is strictly reparametrization invariant.
To show this is actually quite a challenging problem as, unlike in the critical theory based on constant background gauge field strength, there are nontrivial interactions and nontrivial higher-point Green's functions. A possible strategy for analysing this question relies on the fact that, at the critical value of y, the interaction term is of dimension one and should be equivalent to a fermion bilinear of the &,!J type by the usual bosonization argument. In fermionic language the action would be quadratic and therefore exactly soluble. This is essentially the tack taken by Guinea et.aZ.
[3]. They evaluate the mobility two-point function K(t) and show that it behaves logarithmically, just as we found for the constant gauge field strength case, with a -mobility coefficient which depends on the potential strength V in a simple way. For the reasons outlined above, this is consistent with SL(2, R) invariance at the twopoint function level. We are trying to extend this argument to a demonstration that the boundary state for this critical. theory satisfies the full set of reparametrization invariance Ward identities. We will report our results elsewhere. In the Appendix we will show, using the techniques of [8] , that these Ward identities are indeed satisfied at the level of approximation of the renormalization group calculation of [4] .
Discussion
Although we have hardly given a proof, we think we have offered significant evidence that open string theory and dissipative quantum mechanics at an infrared fixed point are essentially the same subject. The search for such infrared fixed points is a condensed matter problem with a fairly lengthy history and a modest record of success. The string theory connection implies that the dissipative quantum mechanics fixed point theory possesses a high degree of symmetry (beyond theexpected scale and translation invariance) inherited eventually from the conformal -c invariance of string theory. One might hope that symmetry considerations would permit the direct construction of nontrivial fixed point theories, much as conformal -.
invariance permits the construction in two dimensions of the c<l discrete series and its relatives. At the moment, we have no concrete proposals along these lines, but a clearer understanding of the symmetry properties of a theory must make it easier to study its solutions.
The string theory connection also points out the importance of studying the As an exercise, we will evaluate the full set of reparametrization invariance
Ward identities, as defined in [8] , f or a theory whose interactions come from a scalar potential only. The Ward identities are calculated to first order in the scalar potential but diagrams with any number of loops are included. This is the order of approximation used by Fisher and Zwerger in their approximate construction [4] of the renormalization group fixed point for this theory. We find that the scalar we wish to make here is that the fixed point theory satisfies the Ward identities of -an+nfinite-parameter symmetry group, not just global scale invariance (at least to the approximation we have been able to calculate).
FIGURE CAPTIONS
1) These diagrams summarize a renormalization group calculation for DQM in a periodic potential when we neglect contributions beyond first order in V.
2) Working only to first order in V the N-loop contribution to the effective action is given by a single daisy diagram.
3) The reparametrization Ward identity receives a contribution from diagrams with the operator SfHo = $f,,Ho--Hofil$ inserted on a leg. 
